Abstract. We give an efficient algorithm to compute equations of twists of hyperelliptic curves C of arbitrary genus over any perfect field k (of characteristic different from 2) starting with a cocycle in H 1 (Gal(k/k), Aut(C)). We also discuss some interesting examples.
Introduction
In this paper we describe an algorithm to compute explicit equations of twists of hyperelliptic curves (of genus g ≥ 2) starting from a cocycle in a given cohomology class. The study of twists of curves is a very useful tool for understanding some arithmetic problems: for example, it has proved to be extremely helpful to explore the Sato-Tate conjecture [1, 5, 6] , as well as to solve some Diophantine equations [19] , to compute Q-curves realizing certain Galois representations [2] , to find counterexamples to the Hasse principle [17] , [18] , and to produce curves with many points [15] .
Let us briefly review previous work concerning the computation of twists of curves. Geometrically, all smooth conics are isomorphic to P 1 , so the twists of a smooth conic C/K are precisely the smooth conics over K (recall that the anticanonical embedding realizes any genus-0 curve as a conic). The set of twists of an elliptic curve is well understood if one restricts to those automorphisms that fix the origin of the group law (see for example [21, Section X.5] and [8] ), but the situation is way more complicated if one considers arbitrary twists. For curves of genus 2, we refer to the work of Cardona [3] and for non-hyperelliptic curves of genus 3 to the work of the second author [12] . A general algorithm to compute twists of non-hyperelliptic curves is also due to the second author [14, 13] , and therefore only the general hyperelliptic case remains to be treated: thanks to the algorithm presented in this paper, we are now able to compute equations of twists of any curve of genus g ≥ 2 (in characteristic different from 2) starting from the corresponding cocycles.
We remark that the main difficulty of working with hyperelliptic curves is that Aut k (C) does not embed in the automorphism group of H 0 (C, Ω 1 C ); indeed, this is the property that makes the construction of [14, 13] work, and it fails for hyperelliptic curves because the canonical bundle is not very ample in this case. To remedy this, one could consider higher powers of the canonical bundle: given any hyperelliptic curve C/k of genus g, the line bundle (Ω 1 C ) ⊗2 is very ample, so that we get an embedding of C into PH 0 C, (Ω 1 C ) ⊗2 ∨ ∼ = P 3(g−1)−1 . Moreover, Aut(C) embeds into GL H 0 C, (Ω 1 C ) ⊗2 , and this would allow us to (in principle) use the approach of [14, 13] to compute models of twists of C. However, this seems quite inefficient from a computational point of view, since it requires one to explicitly find a basis of sections for (Ω 1 C ) ⊗2 , and to work with models of C in high-dimensional projective spaces. Our algorithm, which exploits the specific geometry of the situation, provides a much more efficient approach.
We briefly describe the organization of the paper: in Section 2 we set up our notation for hyperelliptic curves and recall some well-known facts about them. Section 3 forms the core of the paper, giving the details of our algorithm for the computation of twists. Finally, in Section 4 we compute equations for several twists given by cocycles.
Notation. Throughout the paper k is a perfect field of characteristic different from 2, with algebraic closure k, and µ n (k) is the set of n-th roots of unity in k. We denote by ζ n a fixed primitive n-th root of unity in k (provided that (n, char(k)) = 1) and by Gal(k/k) the absolute Galois group of k. If M is a matrix in GL 3 (k), we write M (x, y, z) for the linear map that sends x, y, z respectively to the three entries of the vector M · (x, y, z) t ; here x, y, z can be either variables or elements of k.
By a curve C/k we mean an irreducible, geometrically connected, projective variety of dimension 1 defined over a field k. We denote by Aut(C) the group of geometric automorphisms of C, that is, the group of automorphisms of C × k k, and if L/k is a field extension we denote by Aut L (C) the group of automorphisms of C defined over L.
Acknowledgment. We thank Christophe Ritzenthaler for useful discussions and for pointing out some of the references, and Jeroen Sijsling for his careful reading of a preliminary version of this manuscript and for his many useful comments. We also thank Bas Edixhoven and Bjorn Poonen for interesting discussions during the workshop Arithmetic Geometry and Computer Algebra held in Oldenburg in June 2017. Finally, we thank the anonymous referee for helping us improving the clarity of the exposition and some of the proofs in the paper, especially Lemma 2.4 and Corollary 2.5.
Part of this work was carried out during a visit of the first author to Université de Rennes 1, and we are grateful to this institution for its hospitality and for the ideal working conditions. 1.1. Twists and cohomology. We recall the notion of twist of a curve and its well-known relationship with a certain Galois cohomology set. Definition 1.1. Let C/k be a smooth projective curve. A twist of C/k is a smooth projective curve C ′ /k for which there exists a k-isomorphism ϕ : C ′ → C. We identify two twists if they are isomorphic over k.
Theorem 1.2 ([21]
, Chapter X, Theorem 2.2). The set of twists of C/k is in bijection with the pointed cohomology set H 1 Gal k/k , Aut(C) . The bijection is given explicitly as follows:
• let C ′ /k be a twist of C/k with associated k-isomorphism ϕ : C ′ → C. The corresponding cohomology class is that of the cocycle
• let ξ ∈ H 1 Gal k/k , Aut(C) . We define an action of Gal k/k on k(C) extending by linearity the prescription
Given ξ, we obtain a twist C ′ as follows: the curve C ′ is the unique smooth projective k-curve whose function field is k(C)
Gal(k/k) , the field of invariants for the action just defined. The k-isomorphism ϕ :
We say that a k-isomorphism ϕ :
Hyperelliptic curves
By a hyperelliptic curve over a field k we mean a smooth projective curve C over k, of positive genus g, and such that the canonical morphism maps C to a genus-0 curve. We observe that curves of genus 1 are not hyperelliptic with this definition, because for such curves the canonical morphism maps C to a point. Also notice that some authors might call the curves we consider geometrically hyperelliptic, reserving the term hyperelliptic for curves given by a hyperelliptic model over k (see Equation (1) below). We also remark that we shall often use affine models of (Zariski-open subsets of) C: given an affine curve, there is, up to isomorphism, precisely one smooth projective curve with the same function field, so we can make this identification without loss of generality (as our base field is perfect, we need not to worry about the distinction between smooth and regular).
If C is a hyperelliptic curve, one knows that the canonical morphism is 2-to-1, and C admits an involution ι : C → C (the hyperelliptic involution) that preserves its fibers. When the genus-0 quotient C/ ι is isomorphic to P 1 over k (and not just over k), and provided that char(k) = 2, the curve C admits a k-model of the form
where f (x) is a polynomial of degree 2g + 1 or 2g + 2. A model as in (1) will be called a hyperelliptic model over k. Notice that not all hyperelliptic curves defined over k admit a hyperelliptic model over k; however, a result of Mestre shows that this is the case for all hyperelliptic curves of even genus.
. Let C/k be a hyperelliptic curve (where char(k) = 2). If the genus of C is even, then C admits a hyperelliptic model defined over k.
Remark 2.2. Over finite fields, the field of moduli of any hyperelliptic curve is a field of definition and moreover of hyperelliptic definition [9, 11] . In characteristic zero, for elliptic curves we know that the field of moduli is always a field of definition and of hyperelliptic definition. For genus 2, and for any hyperelliptic curve of even genus, the fields of definition and hyperelliptic definition coincide, but they are not necessarily equal to the field of moduli (this is measured by Mestre's obstruction) [9, 11] . We find the first example for which a field of definition is not a field of hyperelliptic definition in the genus 3 case [7] .
Even when a hyperelliptic model is not available (necessarily in the odd genus case), the fact that the quotient C/ ι is of genus 0 implies the existence of a specific kind of k-model for C, which we now describe: Lemma 2.3. Let C/k be a hyperelliptic curve of odd genus g (over a field k of characteristic different from 2). There exists a k-rational model
where f ∈ k[x, y, z] is a homogeneous polynomial of degree g + 1 and P 1,1,1, Proof. Let ι be the hyperelliptic involution of C. By definition of a hyperelliptic curve, the canonical morphism gives a 2-to-1 map C → C/ ι . As C/ ι has genus 0, it is k-isomorphic to a curve given by a homogeneous equation of the form ax 2 + by 2 = z 2 for some a, b ∈ k. The quotient map has degree 2, so C is given by a model
Since C has genus g, the map C → C/ ι ramifies at 2g + 2 = 2 · deg(f ) points, and f must have degree g + 1. This establishes the first part of the lemma.
As for the second part, recall that a curve of genus ≥ 2 admits at most one 2-to-1 map to a genus 0 curve (that is, C is hyperelliptic in at most one way). If C/k admits a hyperelliptic model over k, then by definition it admits a 2-to-1 map to P 1 k , and since it also admits a 2-to-1 map to z 2 = ax 2 + by 2 this latter quadric must be isomorphic to P 1 over k, which happens precisely when the quaternion algebra
Conversely, suppose that the quaternion algebra is trivial: then z 2 = ax 2 + by 2 has a rational point, so we can find three new variables x ′ , y ′ , z ′ which are (invertible) linear functions of x, y, z 3 and satisfy z ′2 = x ′ y ′ . In terms of these new variables, C is given by a model
Restricting to the affine chart z ′ = 1 and replacing y ′ by 1/x ′ in the first equation we find the model
multiplying by x ′g+1 and setting w := tx ′(g+1)/2 we finally get the hyperelliptic model
In the course of the proof of Lemma 2.3 we have seen how to construct a hyperelliptic model for a (odd genus) curve given by a model as in (2), if such a hyperelliptic model exists. For the inverse transformation, if we start with C : y 2 = f (x) = 2g+2 n=0 a n x n , with a 2g+2 not necessarily nonzero, then C admits the following model of the form (2):
2.1. Automorphisms of hyperelliptic curves. We start by considering automorphisms of curves given by hyperelliptic models. It is well-known that if the genus g is at least 2, then all the isomorphisms from a curve C to a curve C ′ , both given by hyperelliptic models as in (1), are of the form
for some α, β, γ, δ, e ∈k (see for example [ (a) For any automorphism φ of C there exist α ′ , β ′ , γ ′ , δ ′ ∈ k such that φ can be represented as
Proof. For part (a), start with a representation of φ as in Equation (4). Set ∆ = αδ − βγ and take (α ′ , β ′ , γ ′ , δ ′ ) = λ(α, β, γ, δ), where λ is any solution to the equation λ 2r−g−1 = e × ∆ −r . Uniqueness of the representation up to D-th roots of unity and part (b) of the lemma are immediate to check.
Corollary 2.5. Let C be a hyperelliptic curve of genus g admitting a hyperelliptic model over k. If g is odd, there exists a Galois-equivariant embedding
if g is even, there exists a Galois-equivariant embedding
Proof. It suffices to take r = (g − 1)/2 (for g odd) and r = g/2 (for g even) in the previous lemma.
We now discuss the case of C not being defined by a hyperelliptic model. Let
be a hyperelliptic curve of odd genus g over a field k. To describe the automorphisms of C, we start by recalling the fundamental fact that the hyperelliptic involution is unique and lies in the center of Aut(C), see [4, III.7.9] . Notice that any automorphism of C induces an automorphism of C/ ι =: L. It is easy to see that L can be embedded in P 2 , and every automorphism of L lifts to an automorphism of P 2 : one way to check this is to identify L with its anticanonical embedding, and notice that every automorphism of L sends the anticanonical sheaf O(2) to itself, hence it induces a well-defined automorphism of PH 0 (C, O(2)) ∨ = P 2 . Hence for every kautomorphism ϕ of C we have a corresponding element of PGL 3 (k) = Aut(P 2
for some M = (M ij ) 1≤i,j≤3 ∈ GL 3 (k). Using the fact that the hyperelliptic involution is unique, and hence stable under ϕ, we also have ι * ϕ * (t) = −ϕ * (t), so (since ι acts trivially on x, y, z and sends t to −t) we must have ϕ * (t) = tg(x, y, z) for some g(x, y, z). Since the image of [x, y, z, t] must still lie on C we easily get the condition ϕ * (t) = et for some e ∈ k × : indeed, we must have ϕ * (t) 2 = f (ϕ * (x), ϕ * (y), ϕ * (z)); comparing the degree in x, y, z of the two sides of this equality shows that g is a constant.
Computing equations of twists
In this section we describe our algorithms to compute twists of hyperelliptic curves and prove their correctness. In what follows k is a perfect field of characteristic different from 2. We first treat the even genus case, which is easier than the odd genus one since (thanks to Lemma 2.1) we always have a hyperelliptic model over the field of definition for the curve. Input: A hyperelliptic curve C/k of even genus given by a hyperelliptic equation y 2 = f (x), and a cocycle ξ : Gal(k/k) → Aut(C) factoring through a finite extension L/k. Output: A curve C ′ /k and a k-isomorphism φ :
(1) Compose ξ with the embedding Aut(C) ֒→ GL 2 (k) given by Corollary 2.5 to obtain a new cocycle ψ in Z
C ′ /k is the desired twist and the isomorphism φ : C ′ → C realizes the cocycle ξ.
In the light of Corollary 2.5 the correctness of the algorithm is trivial (one checks easily that the model of C ′ thus found has k-rational coefficients). From the computational point of view, the important issues are computing the lift of the cocycle in step (1), for which see the proof of Lemma 2.4, and the computation of M using Hilbert's Theorem 90, see subsection 3.2.2.
3.2.
The odd genus case. Let C be a hyperelliptic curve of odd genus g defined over a perfect field of characteristic different from 2. We now describe our approach to computing twists of C in this case, starting -in the next subsection -with the problem of finding models of twists of conics.
3.2.1. Computing twists of conics. Our approach relies on two fundamental ideas. The first is that working with the anti-canonical embedding of a conic Q/k allows us to interpret cocycles with values in Aut(Q) as cocycles with values in PGL 3 (k). The second is that -as we shall show -such cocycles can then be lifted to cocycles with values in GL 3 (k), thus removing the ambiguity coming from the projective quotient. Notice that it is not true in general that one can lift cocycles with values in PGL 3 (k) to cocycles with values in GL 3 (k), but this will turn out to be the case for the specific cocycles we need to work with. Theorem 3.2. Let Q be a smooth genus-0 curve over a field k, embedded as a conic section in P 2 k . There is an injective, Galois-equivariant map Aut(Q) ֒→ Aut(P 2
Proof. The conic Q is embedded in P 2 via the linear series corresponding to O(2). Any automorphism of Q k pulls O(2) back to itself (since there is only one equivalence class of divisors of degree 2), hence it induces an automorphism of P 2 k which, upon restriction to Q, is the automorphism we started with. This proves the first statement.
For the second part, notice that given a class in PGL 3 (k) there are only two matrices ±M ∈ GL 3 (k) representing that class and whose action on the ring k[x, y, z] preserves the equation of Q. This gives us a way to uniquely determine an element of GL 3 (k)/µ 2 (k) from an element of Aut(Q) ⊆ PGL 3 (k), thus providing a lift of the embedding Aut(Q)
A. Now it is easy to check that the composition Aut(Q) ֒→ GL 3 (k) is Galois-equivariant. Remark 3.3. If Q = P 1 and it is embedded in P 2 as Q 0 : z 2 = xy, the previous lift is given by the map ψ :
Remark 3.4. In general, if Q : ax 2 + by 2 = z 2 , we consider the isomorphism
The embedding of Q in P 2 in Theorem 3.2 can then be obtained by choosing as basis of
notice that by definition of B we have ax 2 + by 2 = z 2 , so Q is again identified with its anticanonical embedding. The corresponding Galois-equivariant embedding is
where we consider Aut(Q) and Aut(Q 0 ) as subgroups of Aut(P 2 k ) ∼ = PGL 3 (k). 
Moreover, this matrix M can be explicitly computed [20, p.159, Prop. 3] , for instance by choosing a sufficiently generic M 0 ∈ GL n (L) and setting
Another approach (used in Section 3 in [14] ) is to choose the columns of the matrix M to be a k-basis of the k-vector subspace of L n fixed by the action of Gal(L/k) given by
3.2.3.
Twisting the underlying conic. We now describe our algorithm for twisting hyperelliptic curves of odd genus. Recall that our input consists of a cocycle ξ : Gal(L/k) → Aut L (C); composing ξ with the Galois-equivariant embedding of Aut(C) in GL 3 (L) provided by Theorem 3.2 (and made explicit in Remark 3.4) we obtain a cocycle ξ : Gal(L/k) → GL 3 (L). Applying the explicit form of Hilbert's theorem 90 just described we obtain a matrix
We set Q ′ (x, y, z) = Q(M (x, y, z)); using the fact that the matrix ξ(σ) preserves the equation of Q for every σ ∈ Gal(L/k), one checks easily that Q ′ (x, y, z) has k-rational coefficients. Our twist will be described in terms of Q ′ and of the polynomial f (M (x, y, z)); the latter, however, is in general not defined over k. In order to resolve this inconvenience, we show the following:
It is easy to check that the map σ → a σ is a (continuous) cocycle of Gal(k/k) with values in k × .
Let v ∈ k × be such that a σ = v/ σ v (such a v can again be computed explicitly thanks to the effective form of Hilbert's theorem 90: notice that since a σ takes values in
The left hand side has coefficients in k; we now show that the right hand side is vf (M (x, y, z))+ h · Q ′ . Indeed, recalling that a σ = v/ σ v we obtain
Corollary 3.6. Let g(x, y, z) = vf (M (x, y, z)) + h · Q ′ be as above. The curve
0 and ξ(σ) of C differ at most by the hyperelliptic involution.
Proof. The only nontrivial statement is that ψ 0 • σ ψ −1 0 and ξ(σ) differ at most by the hyperelliptic involution, and this follows from the fact that ξ(σ) and M · σ M −1 induce the same automorphism on the conic C/ ι .
3.2.4.
Pinning down the quadratic twist. In view of Corollary 3.6, we can define a new cocycle ξ 0 (σ) := ψ 0 • σ ψ −1 0 , which differs from ξ(σ) at most by the hyperelliptic involution. Define i : Gal(k/k) → ι by the prescription ξ 0 (σ) = ξ(σ)i(σ).
Lemma 3.7. The map i is a group homomorphism. By Galois correspondence, its kernel defines an at most quadratic extension k( √ e) of k.
Proof. Since ξ and ξ 0 are both cocycles, so is σ → i(σ) = ξ(σ) −1 ξ 0 (σ) ∈ ι . Since the Galois action on ι is trivial, a cocycle is the same thing as a group homomorphism. The second statement follows from the fact that the image of i has order at most 2.
Theorem 3.8. Let e be as in the previous lemma. The curve
is the k-twist of C corresponding to the cocycle ξ. The map φ : C ′ → C that sends (x, y, z, t) to (M (x, y, z), e/vt) realizes the cocycle ξ.
Proof. We have φ = ψ 0 • ψ 1 , where ψ 1 is the isomorphism C ′ → C 0 given by ψ 1 (x, y, z, t) = (x, y, z, √ et). It is clear that C ′ and C 0 are isomorphic through ψ 1 , so (in view of Corollary 3.6) C ′ is a k-twist of C. It remains to show that φ realizes the cocycle ξ. Notice that by construction one has ψ 1 • σ ψ −1
, where i is the homomorphism of the previous lemma. Further observing that the image of i is contained in ι , hence it is central in Aut(C), we have
where i(σ) = i(σ) −1 since ι is of order 2.
Putting everything together, we have proven the correctness of the following algorithm: Input: A hyperelliptic curve C/k and a cocycle ξ : Gal(k/k) → Aut(C) factoring through a finite extension L/k. Output: A curve C ′ /k and a k-isomorphism φ :
(1) Find a model of C of the form (2) and let Q : 
of the form
(6) Compute e as in Lemma 3.7. The twist of C by ξ is
The map φ : (x, y, z, t) → (M (x, y, z), e/vt) is an isomorphism between C ′ and the model of C chosen in part (1), and it realizes ξ.
Examples
In this section we explicitly compute some twists of hyperelliptic curves; this will show how the different parts of the algorithm come together, and why all the steps are necessary.
4.1. Example 1. Consider the curve C : y 2 = x 9 − x /Q of even genus g = 4, and the cocycle ξ : Gal(Q/Q) → Aut(C) which factors through Gal(Q(i)/Q) and sends the generator τ of this group to the automorphism α :
We apply Algorithm 3.1 to this situation. Step 2. We use the explicit version of Hilbert's Theorem 90 (see subsection 3.2.2) with
Step 3. We have
and M induces the isomorphism
Example 2.
Consider the curve C : y 2 = x(x 6 + 3x 4 + 1) over Q. The geometric automorphism group of C is cyclic of order 4, generated by α : (x, y) → (−x, iy). Since the automorphism i → −i maps α to α −1 , we can define a cocycle Gal(Q(i)/Q) → Aut(C) by sending the generator τ of Gal(Q(i)/Q) to α. Let us compute the twist of C corresponding to this cocycle with Algorithm 3.9.
Step 1. A model as in (3) is given by t 2 = f (x, y, z) := x 3 z + 3x 2 yz + y 3 z z 2 = xy .
Steps 2 and 3. The 2 × 2 matrix representing α in the hyperelliptic model is
Applying the embedding of Remark 3.3 we obtain that the corresponding element in GL 3 (Q) is simply ξ(τ ) := diag(−1, −1, 1). Notice that this matrix has order 2 while α has order 4, but this is to be expected: our embedding only considers the automorphism induced on C/ ι , and α squares to the hyperelliptic involution, which is trivial on C/ ι .
Step 4. We find M = diag(i, i, 1).
Step 5. We compute (z 2 − xy)(M (x, y, z)) = (z 2 − xy)(ix, iy, z) = z 2 + xy and
it follows that τ (f (M (x, y, z)) = −f (M (x, y, z)) so that (a σ ) is the cocycle mapping τ → −1 and (p σ ) = 0. We can then take v = i, h = 0, and g(x, y, z) = if (M (x, y, z)) = f (x, y, z). The intermediate curve C 0 is therefore C 0 : t 2 = f (x, y, z) z 2 = −xy .
Step 6. Let σ i , for i = 1, 3, 5, 7, be the automorphism of Q(ζ 8 )/Q which sends ζ 8 to ζ i 8 . We have that σ 1 , σ 5 map to the identity in Gal(Q(i)/Q), while σ 3 , σ 7 map to τ . One checks that the homomorphism i of Lemma 3.7 is trivial on σ 1 , σ 3 and nontrivial on σ 5 , σ 7 . This means that we can take e = −2, because Q( √ −2) is the fixed field of σ 3 . Finally, the curve we are looking for is C ′ : −2t 2 = f (x, y, z) z 2 = −xy and an isomorphism realizing the cocycle ξ is φ : (x, y, z, t) → (ix, iy, z, (1 + i)t).
Since the conic z 2 = −xy obviously has rational points, C ′ also admits a Q-hyperelliptic model: one can check that such a model is given by y 2 = 2x 7 + 6x 3 − 2x, and on this model an isomorphism C ′ → C realising the cocycle is (x, y) → , z) , t] acts trivially on t, so we have ϕ • τ ϕ(t) −1 = t, while ξ τ (t) = −t. It follows that e = −1, and the twist of C corresponding to ξ is
Notice that this curve does not have a hyperelliptic model over Q, because the conic X 2 + Y 2 + 2Z 2 = 0 has no Q-rational points. It is also easy to check that the change of variables A = X − Y, B = X + Y, C = 2Z, D = T /4 leads to the more symmetrical model A 2 + B 2 + C 2 = 0 −2D 2 = A 4 + B 4 + C 4 , which agrees with the result found by a different method in [1] .
